Abstract: In this paper, the boundary value problems (BVP's) for parameterized singularly perturbed second order nonlinear ordinary differential equation are considered. The boundary layer behavior of the solution and its first and second derivatives have been established. Examples which are in agreement with the theoretical analysis are presented.
Introduction
We examine the asymptotic nature of solutions to the parameterized singularly perturbed second-order nonlinear boundary value problems with single boundary layer. An overview of some existence and uniqueness results and applications of parameterized equations may be obtained, for example, in [5-9, 14-16, 18, 20] . In [1] [2] [3] 19] some approximating aspects of this kind of problems Received: May 16, 2016 c 2016 Academic Publications § Correspondence author have also been considered. The qualitative analysis of singular perturbation situations have always been far from trivial because of the boundary layer behavior of the solution. These problems are characterized by the presence of a small parameter that multiplies the highest order derivative, and they are stiff and there exists a boundary or interior layer where the solutions change rapidly [4, [10] [11] [12] [13] 17] . In present note installed the uniform a priori estimates for the solutions of the problems (1)- (2) and (18)- (19) and their first and second derivatives. The obtained results are important for construction and analysis of appropriate approximate methods. Examples are presented to illustrate the theoretical results obtained.
Asymptotic Estimates

Consider the Problem
where 0 < ε << 1 is the perturbation parameter, µ i (i = 0, 1, 2) are given constants and the function f (t, u, v, λ) is assumed to be sufficiently continuously differentiable for our purpose function in {0 ≤ t ≤ T, − ∞ < u, v, λ < ∞} and
By a solution of (1), (2) we mean the pair {u(t), λ} ∈ C 1 [0, T ]× R for which problem (1), (2) is satisfied.
1 T > 0 and under conditions (3), the solution {u(t), λ} of the problem (1) ,(2) satisfies
and
where
Proof. We rewrite (1) in the form
where (7) and (2) for the first derivative, we have
Integrating this equality over (0, T ) we get,
from which, we obtain
Applying the mean value theorem for integrals, we deduce that,
Also, for first and second terms in right side of (9) for ε ≤ 1values, we have
It then follows from (10)- (12),
Next, we use the maximum principle for the differential operator Lv := εv ′′ − a(t)v ′ − b(t)v, 0 < t < T which is valid in the form:
Using the maximum principle with barrier functions
we observe that
Further from (7) by taking Φ(t) = ±λc(t) + F (t) we get
This inequality together with (13) immediately leads to (4), (5) . After taking into consideration the uniformly boundedness in ε of u(t) and λ, it then follows from (8) that,
which proves (6) for k = 1. To obtain (6) for k = 2, first from (1) we have
from which after taking into consideration here u ′ (T ) = µ 2 ε and (4) we obtain
Next, from differentiation (1) we have
with
and due to our assumptions clearly,
Consequently, from (16), (17) we have
which proves (6) for k = 2. Now consider the BVP:
where 0 < ε << 1 is the perturbation parameter, µ i (i = 0, 1, 2) are given constants and the function f (t, u, v, λ) is assumed to be sufficiently continuously differentiable for our purpose function in {0 ≤ t ≤ T, − ∞ < u, v, λ < ∞} and 
|u| ≤ c 1 ,
F (t) = f (t, 0, 0) and
Proof. We rewrite (18) in the form
where (24) and (19) for the first derivative, we have
from which, after using the initial condition u ′ (T ) = µ 2 it follows that
Thereby, analogously as in the Subsection 2.1, we arrive at
Next, we use the maximum principle for the differential operator Lv := εv ′′ + a(t)v ′ − b(t)v, 0 < t < T which is valid in the form: Suppose v(t) ∈ C 2 [0, T ] be any function satisfying Lv ≤ 0(0 < t < T ), v ′ (0) ≤ 0 and v(T ) ≥ 0. Then v(t) ≥ 0 for any 0 ≤ t ≤ T . Now, consider the barrier function
where,
ε ). Taking into consideration that, ω(t) is a solution of the problem
and it follows that
therefore Ψ ± (t) ≥ 0, which leads to estimate
27) we obtain the following estimate for the solution of the problem (18), (19) 
The inequalities (27), (28) immediately leads to (21), (22) . Once the estimates (21), (22) are established, the estimate (23) easily follows from (24), analogously as in previous section.
Here the validity of the obtained results is illustrated by two examples.
Example 3. Consider the following parameterized singular perturbation problem: (1−t) + 1 2 + ε e 1−t , k = 1, 2.
Therefore we observe here the accordance in our theoretical results described above.
Example 4. Consider the particular problem of type (18) , (19) with f (t, u, u ′ , λ) = u ′ − 2(t + ε) + (2λ + cos λπ)e t , µ 0 = 2, µ 1 = 5 − 2e which is in agreement with the theoretical bounds described above.
